
Lagrangian Simulation of Turbulent Particle 
Dispersion in Electrostatic Precipitators 

Alfred0 Soldati, Massimo Casal, Paolo Andreussi, and Sanjoy Banerjee 
Dip. di Scienze e Tecnologie Chimiche, Universiti di Udine, Udine, Italy 33100 

Industrial design of electrostatic precipitators is based on the transport theory devel- 
oped by Deutsch (1922), which assumes that transverse turbulent mixing is effective 
enough to maintain the concentration profile uniform throughout the cross section (i-e., 
turbulent dimivity is assumed infinite). To improve understanding of turbulent particle 
dispersion under the influence of electrostatic forces, a database on particle trajectories 
was first generated, based on the flow field from a direct numerical simulation of a 
plate-plate precipitator (Soldati et al., 1993). The efect of various parameters, such as 
particle size, charge and particle migration velocity, on dispersion and collection effi- 
ciency was investigated. Results show that particle concentration profiles are not uni- 
form due to finite values of "turbulent difision "coefficient. The simulations indicate 
that the early stages of particle collection are controlled by particle migration velocity, 
while final stages are controlled by turbulence d imion  mechanisms. 

Introduction 
Electrostatic precipitation is widely employed to remove 

dust from industrial gas streams. The main application is to 
control the release of waste particles to the atmosphere, but 
it is also used to improve product quality and, in some cases, 
to collect valuable materials. 

An electrostatic precipitator (ESP) is essentially a duct with 
vertical walls through which a gas bearing suspended parti- 
cles is driven by a pressure gradient. Particles are transported 
by the turbulent gas stream and are driven toward a collect- 
ing surface by the electrostatic field maintained between the 
walls. In plate-plate precipitators, which are usually the sec- 
ond stage of a two-stage precipitator, a potential difference 
applied between the plates generates a uniform and constant 
electrostatic field. In this type of precipitator, sketched in 
Figure 1, charged particles are driven by a uniform and con- 
stant drift force toward the collecting plate. 

The design of an ESP is based on knowledge of (or on 
reasonable assumptions regarding) particle transport. In the 
past, fundamental studies on particle transport have been 
carried out in several ways, beginning with the early model of 
Deutsch (1922). Using the analogy of a fabric filter (or equiv- 
alently, with the absorption of radiation by a slab), he postu- 
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lated that the variation of particle concentration, dn, due to 
particle deposition at the wall over a differential length, ak, 
at a distance x from the entrance, would be related to sev- 
eral factors, namely, particle concentration at x,  d x ) ;  the 
particle transverse migration velocity, we; the flow mean ve- 
locity, Urn; and the duct spacing, d. This ultimately leads to 
dn(x)  = - weAUrnd)n(x)ak. Integrating this last expression, 
and defining the dimensionless number De = (wex)AUrnd), 

li" 
Plak Electrodes 

Figure 1. Plate-plate electrostatic precipitator. 
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the Deutsch number, the collection efficiency, 7 may be cal- 
culated as 

The Deutsch number may represent the dimensionless dis- 
tance covered by particles in the flow direction (Soldati et al., 
1995a). The migration velocity is calculated by balancing the 
drag force and the Coulomb force acting on a particle. In the 
Stokes regime, it has the form: 

(2) 

where qp and d p  are particle charge and diameter, E is the 
modulus of the electrostatic field, and p is fluid viscosity. 
This velocity is useful as a reference, but may not give the 
actual migration velocity of a particle, which must be deter- 
mined by solving the equations for particle motion. 

In Eq. 1, all the transport-related aspects for the particles 
are lumped into the Deutsch number, which represents an 
implicit model of turbulent transport based on the assump- 
tion that transverse turbulent mixing is so effective that it 
keeps particle concentration uniform over the cross section. 
The simplicity of Eq. 1 is one of the reasons justifying its 
broad use in ESP design. It is oversimplified, and empirical 
coefficients have to be used for actual design. Improvements 
in the Deutsch model were later suggested by Robinson 
(1967), who modified Eq. 1 to include erosion of deposited 
particles, and by Cooperman (1971 and 1977), who proposed 
a different method for calculating the net velocity of parti- 
cles. However, both researchers based their correlations on 
Eq. 1. 

More recently, new analyses, prompted by more stringent 
regulations regarding atmospheric emissions, have been per- 
formed to improve understanding of the basic precipitation 
mechanisms and to optimize ESP design. One of the ap- 
proaches followed is based on the use of an advection/diffu- 
sion equation (ADE) by assuming a Fickian form for the tur- 
bulent dispersion mechanism. Turbulent diffusion is postu- 
lated as isotropic and homogeneous and the ADE is solved 
for the unknown value of the turbulent dispersion coefficient 
by fitting data. Williams and Jackson (1962) and later Leonard 
et al. (1980) studied the effect of finite diffusivity by solving 
the two-dimensional (2-D) ADE. In particular, the model by 
Leonard et al. (1980, 1982) relies on a tunable, isotropic, and 
uniform turbulent diffusion coefficient, D, which they ex- 
pressed through the electric Pdclet number defined as w,d/D. 
'&is approach, and especially the conclusions of the article, 
were severely criticized by Cooperman (1982)-in particular, 
the a posteriori determination of unrealistically low turbulent 
diffusion coefficients, which raised the collection efficiency. 

In order to understand particle dispersion mechanisms, 
knowledge of the turbulent flow field is required. In recent 
years, direct numerical simulation (DNS) has been used as -a 
powerful tool to fully simulate three-dimensional (3-D) time- 
fluctuating turbulent flow fields (Kim et al., 1987; Lam and 
Banerjee, 1992; Papavassiliou and Hanratty, 1995, among 
others). In previous articles (Soldati et al., 1993 and 1995b), 

this method was also applied to simulate particle dispersion 
in ESPs. The advantage of DNS is that the solution of the 
Navier-Stokes equations is free from empirical models, or 
closure laws, that affect methods based on averaging or filter- 
ing (e.g., k - E methods). The 3-D time-varying turbulent field 
obtained by DNS is accurate down to the dissipation scales of 
motion if sufficient spatial and temporal resolution is used. 
Numerical experiments performed by DNS are therefore be- 
coming a means of investigating turbulence structure and tur- 
bulent transport mechanisms, and have proved to be of help 
in focusing and refining experimental investigations. The 
present limitation of DNS is due to the size of the available 
supercomputers, but with massively parallel machines, prob- 
lems at scales of interest to industry and Reynolds numbers 
are becoming increasingly feasible. 

The approach followed in this work is therefore more di- 
rect when compared to the works by Leonard et al. (1980, 
19821, and is based on a DNS of turbulent channel flow to 
determine turbulent particle transport parameters and col- 
lection efficiency directly from particle trajectories. In other 
words, the behavior of swarms of particles of different diame- 
ters and diffusivity was examined tracking each particle by 
solving its equation of motion. This made it possible to deter- 
mine the effects of inertia and drift velocity on transport pa- 
rameters and on the collection efficiency of the precipitator. 

Transverse dispersion coefficients were determined assum- 
ing homogeneous turbulent diffusion (Taylor, 19211, which, 
for the duct flow under investigation, may be acceptable in 
the central region of the duct, where the fluid turbulence is 
relatively homogeneous. It was found that particle dispersion 
varies with particle size and electric charge, as expected. On 
the basis of these data, a correlation for turbulent particle 
dispersion in ESPs was set up and assessed by comparison 
against previous experiments and theories. 

Since ESP efficiencies should be very high (close to unity), 
improvement of their design is of considerable interest and 
requires a clearer understanding of turbulent particle trans- 
port and its impact on deposition rates. From numerical sim- 
ulation of particle collection efficiency, the early stages of 
deposition appear to be controlled by the drift velocity, while 
bulk turbulent dispersion mechanisms seem to control the fi- 
nal stages. It appears that these effects can be captured by 
using a 2-D ADE of the form used by Leonard et al. (1980). 
It has been demonstrated that if diffusion coefficients and 
migration velocity measured from the present simulations are 
used, the ADE underpredicts the data on collection effi- 
ciency by about 1 to 2%. This may be caused by the adoption 
of a uniform transverse turbulent diffusion coefficient that 
overestimates turbulent transport in the wall layer. 

Computational Method 
The flow field in ESPs is 3-D, time-dependent, and turbu- 

lent, but characterized by a rather low Reynolds number. Be- 
cause of this, DNS may be used to obtain a flow-field 
database. Once the flow field is known in detail, particles 
may be released and followed under the action of the flow 
field and electrostatic forces. The solution of the fluid- 
dynamic problem was described in a previous article (Soldati 
et al., 1993) that simulated the turbulent flow of air in a duct 
at a Reynolds number of 5980 based on the hydraulic diame- 
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ter and the mean velocity. Some aspects of the technique 
adopted to calculate the flow field are briefly reviewed here. 

Table 1. Parameters Relative to the Simulation of the 
Turbulent Flow Fields 

Flow jiehi 
The flow field of a pressure-driven fully turbulent flow in a 

duct with parallel vertical walls (Figure 1) was computed by 
solving the time-dependent 3-D Navier-Stokes equations in 
the following dimensionless form: 

aui dUi 1 d 2 U i  ap - +u.-  = 61i + -- - -, (3) 
d t  axj Re axidxi axi 

where ui are the velocity components; p is the fluctuating 
kinematic pressure (pressure divided by density); and 6,i 
represents the mean kinematic pressure gradient that drives 
the flow. Equation 3 was made dimensionless by using the 
channel half-width, h, and the shear velocity, defined as: 

(4) 

where rW is the shear stress at the wall; p the fluid density. 
In dimensionless units, the size of the computational do- 

main is 47r x27r x2. For air flowing at a mean velocity of 
1.16 m/s, a value typical for ESPs, the dimension of the com- 
putational domain would be 25 X 12 X 4 cm. The solution of 
Eq. 3 is obtained by using a pseudospectral method (Kim et 
al., 1987; Lam and Banerjee, 1992; Soldati et al., 1993) and is 
based on the decomposition of the flow variables in Fourier 
series in the x and y directions and in Chebyshev polynomi- 
als in the z-direction. Thus, the velocity field has the form: 

where li(k,, k,, k,, t )  is the velocity field in the spectral do- 
main, and k,, k,, k, are the wave numbers. The fluid velocity 
is subject to rigid boundary conditions at the walls of the duct, 
and periodic boundary conditions are imposed in the x and y 
directions. If wall variables, identified by the superscript + , 
are used, that is, variables made dimensionless by u, and by 
the fluid kinematic viscosity, v, the channel is 216 wall units 
wide, and the periodicity lengths are 1,357 and 676 in the x 
and y directions, respectively. The periodicity lengths are 
more than two times the spatial correlation in both direc- 
tions, which ensures the development of turbulent channel 
flow. The time advancement was provided by a two-level 
Adams-Bashforth method for the convective terms and by an 
implicit Crank-Nicolson method for the diffusive terms. The 
time step was A t +  = 0.1. Parameters characterizing the flow 
field are shown in Table 1. 

The statistics of the flow field were compared with experi- 
mental data in an earlier work (Soldati et al., 1993). How- 
ever, to help in later discussion, mean velocity and rms values 
are shown in Figures 2a and 2b. The mean velocity profile is 
a typical turbulent flow profile and differs from those used by 

Reynolds number 

Shear Reynolds number 
Dimensionless mean velocity 
Mean velocity 
Center-line velocity 
Fluid density 
Fluid kinematic viscosity 
Fourier modes ( x )  
Fourier modes ( y )  
Chebyshev modes (2) 
Time step 

~~ 

U,4h 
Re = - = 5,980 

V 

Re, = - uTh = 108 

U,/u, = 13.7 
U, = 1.16 m/s 
U, = 1.40 m/s 
p = 1.29 kg/m3 
v = 1.57.10-5m2/s 
N, = 64 
N =64 
$=65  
At+ = At u:/v = 0.108 

Leonard et al. (1980), Kihm (19871, and Tsai (1990, who as- 
sumed a uniform plug flow profile to develop their models. 
In Figure 2b, turbulence intensities u',u',w' are shown: tur- 
bulence intensity reaches the highest value near the wall in 
the x and y directions, while in the z-direction the profile is 
nearly uniform for most of the channel except for the region 
very near the walls. 

Partick tracking 
Using DNS databases to simulate transport of particles in 

various situations has been the subject of much recent work. 
Measurements of particle dispersion in flow fields generated 
by DNS have been performed by Ounis et al. (1989), who 
quantified the dispersion of Brownian particles in vertical 
turbulent channel flow; by Squires and Eaton (1991) for ho- 
mogeneous and isotropic turbulence flow; by Kontomaris and 
Hanratty (1994) for turbulent channel flow; and by Chen and 
McLaughlin (1995), who studied aerosol deposition rates in 
vertical ducts. 

-1 5 . 5  0 0.5 1 
2' = Ull 

3 ,  I 1 
u' - 
"9  ------- 

w' ........ A 

L 

-1 -0.5 0 0.5 1 
2' = 2m 

Figure 2. Turbulence in the duct: (a) mean velocity pro- 
file; (b) turbulence intensity. 
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In this work, a DNS database was used to simulate turbu- 
lent transport of particles subject to electrostatic body forces 
in plate-plate ESPs. The main objectives were, first, to ob- 
tain dispersion characteristics for different particle sizes and 
different drift velocities in order to set up a model for a 
macroscopic turbulent diffusion coefficient, and second, to 
assess the influence of macroscopic transport properties on 
collection efficiency in ESPs. 

Particle dispersion characteristics depend on particle drift 
velocity, expressed by the particle migration velocity, we, and 
on particle inertia, characterized by the particle relaxation 
time, T, (the Stokesian response time), defined by 

where p,  is particle density. Note that rp defined in this way 
is only an indicator of particle response for relative velocities 
higher than those in creeping flow. In the present simula- 
tions, particles have been tracked individually by numerically 
solving the equation of motion, which includes the electro- 
static force, gravity, and fluid drag. Since in the present simu- 
lation the particles are meant to correspond to an experiment 
with an aerosol of oleic acid, the density is 900 kg/m3, as in 
the work by Leonard et al. (1982) and Self et al. (1987). Other 
forces acting on the particle, such as hydrostatic force, added 
mass force, lift force, Magnus effect, and Basset history force, 
are negligible (orders of magnitude smaller than the three 
effects considered) for the case investigated. Also, particles 
are assumed to be rigid and pointwise, and at concentrations 
low enough for particle-particle interaction due to either in- 
ertial force or electrostatic repulsion to be negligible. The 
vectorial equation of motion made dimensionless using scales 
characteristic of the wall region, that is, the shear velocity 
and the fluid kinematic viscosity, is 

1 P - P P  + dv+ u+ - u +  
f (  Re,) + - g + T e ,  (7) -=-- 

dt + 7; P FrP 

0.9 I 1 

0.8 

O.’ 0 ~ 

0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 
y ‘ = y l h  

Figure 3. Example of the trajectory of a particle in the 
y-z  plane. 

cost in terms of computer time rapidly becomes prohibitive 
because of the number of particles tracked (Yeung and Pope, 
1988). For the number of particles used in the present simu- 
lation (4,000), the computer time is comparable to that re- 
quired for other types of interpolations. The initial velocities 
of the particles were set equal to the fluid velocity at each 
particle location. 

Using this simulation of particle motion, a deterministic 
description of the dispersion field may be computed since the 
trajectory of all particles is available. In Figure 3, the trajec- 
tory in the y - z plane of an 8-pm particle with a drift veloc- 
ity of w,=10 cm/s is shown to indicate the type of results 
obtained from the integration of Eq. 7. The effect of the tur- 
bulence structures is clear and is strong enough to make the 
particle follow a complex, hard-to-predict path. 

Turbulent Diffusion 
Theory of dispersion in homogeneous turbulence 

In his work on diffusion in homogeneous turbulence, Tay- 
lor (1921) related the turbulent diffusion coefficient, D(t),  to 
the rate of growth of variance (RGV) as 

--- 
where v +  is particle velocity, g+ is the dimensionless gravity 
vector, e is the electric field unit vector, and Frp is the di- 
mensionless electric-Froude number (SoIdati et al., 1995a), 
defined as 

where ( z ( t ) * )  is the variance of the displacement distribu- 
tion, defined as: 

(8) 

In Eq. 7, f(Re,) is a function of the particle Reynolds num- 
ber, Re,, which depends on the fluid dynamic drag law 
adopted. In this work, we adopted the form proposed by Rowe 
and Henwood (19621, that is, 

in which N ( t )  is the number of realizations. Thus, turbulent 
diffusivity is a time-dependent quantity that reaches a con- 
stant value at large diffusion times. Indeed, particle trajecto- 
ries lose their initial correlation for developed turbulent flows 
when t -+m, and the probability distribution of the displace- 
ment function tends to become normal or Gaussian (Batche- 
lor, 1957). It follows that the diffusion coefficient, D, can be 
expressed as the limit of D(t )  for t -+ m: 

f (  Rep) = 1 + 0.15Rey9’. (9) 

The trajectory of each particle was calculated integrating Eq. 
7 by an explicit method. The velocity of the fluid at each 
particle position was calculated directly from the triple sums (12) 

d ( z 2 >  
D = lim D ( t )  = lim - 

of the spectral coefficients. This method is accurate, but its i - + m  i - m  dt ’ 
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Squires and Eaton (1991) and by Wang and Stock (1993), 
among others, have used this approach to characterize parti- 
cle dispersion in homogeneous turbulence. This approach was 
also applied to different nonhomogeneous turbulent flows, 
for instance in mixing layers, by Chein and Chung (19881, 
Crowe et al. (1988), and Aggarwal et al. (1994), and by Ounis 
et al. (1991) for turbulent channel flows, to quantify the dis- 
persion of Brownian particles; by Kontomaris and Hanratty 
(1994), to investigate the effect of molecular diffusivity on the 
diffusion of a scalar property; and by Papavassiliou and Han- 
ratty (1995), to describe the turbulent transport of heat from 
a wall. In general, Eq. 12 may be of some use as long as the 
turbulence is far from the boundaries and relatively homoge- 
neous-clearly not the case for channel turbulence in the re- 
gion close to the walls. However, Eq. 12 may be representa- 
tive of the phenomenon in the central region of the duct. 

Particle dispersion in electrostatic precipitators 
Transport of particles in ESPs is controlled by mean flow 

convection in the direction of the stream ( x ) ,  by electrostatic 
drift in the wall-normal direction (z), by gravity (a small ef- 
fect) in the spanwise direction y, and by turbulent dispersion 
in all three directions. Dispersion effects in the x (stream- 
wise) and y (spanwise) directions do not appear as relevant 
to particle-collection efficiency as those in the transverse di- 
rection (Leonard et al., 1980). Therefore, in this work, only 
the turbulent dispersion in the wall-normal direction is exam- 
ined. 

Transverse turbulent dispersion is related to the intensity 
of turbulent fluctuations in the z-direction (see Figure 2b), 
which is almost uniform in the central region of the duct and 
goes to zero at the wall. Similar behavior can be expected 
from the turbulent dispersion coefficient, which should go to 
zero in the wall layer. For simplicity and with an eye to prac- 
tical use of the results, the theory of diffusion in homoge- 
neous turbulence will be applied to evaluate the diffusion co- 
efficient in the central, nearly homogeneous region, and this 
coefficient will be assumed uniform for the whole width of 
the duct. Clearly, this leads to overestimation of the effects 
of transverse dispersion on particle transport in the wall layer. 

In order to use Eq. 12, particles should remain in the cen- 
tral region of the duct long enough for the distribution of 
their displacement to become Gaussian, as discussed by Kon- 
tomaris and Hanratty (1994) and by Soldati et al. (1995b). To 
ensure this, particles were homogeneously distributed in an 
x-y plane, parallel to the wall, 0.5 h (one-half of the channel 

half-width) away from the noncollecting wall. In ESPs, parti- 
cle size ranges from less than one pm up to tens of pm. In 
the present work, turbulent dispersion of particles of size 4, 
8, 16 and 24 pm were simulated. Dimensionless and dimen- 
sional parameters characterizing the particles tracked are re- 
ported in Table 2. Inertia and drift velocity were both varied 
in order to examine their effect on dispersion characteristics. 
Drift velocity is related to particle charge, which, in the pres- 
ence of free ions (as in the charging section of a precipitator), 
is a function of the applied electrostatic field via the equation 

(13) 

where e0 is the permittivity of vacuum and E is the dielectric 
constant of the aerosol particle, which for oleic acid equals 2. 

Sixteen different swarms of particles characterized by the 
parameters of Table 2 were tracked. Each swarm comprised 
1,OOO particles, a number large enough to obtain meaningful 
statistics and low enough to save computer time. Previous re- 
sults (Soldati et al., 199513) showed no difference when calcu- 
lating the variance of the displacement distribution using 
swarms of 600 or 900 particles. 

In Figure 4, the displacement distribution at two different 
dimensionless times (t’ = 16 and t’ = 32) is reported for par- 
ticles having diameters of 4, 8, 16 and 24 pm and a migration 
velocity of 10 cm/s. Symbols represent computed values, while 
lines represent a fitted Gaussian probability function. The 
distribution in Figure 4 were calculated after a time longer 
than the particle Lagrangian autocorrelation time. The 
Gaussian distribution has the following form: 

where k is a normalization constant equal, for all the cases, 
to 0.05. From data fitted with a Gaussian distribution, as in 
Figure 4, it is possible to estimate (z(t)’>. The results show 
that particle displacement distributions are well fitted by a 
Gaussian distribution for the central region of the duct. 

Effect of Inertia on Particle Dispersion. To examine the ef- 
fect of inertia, (z(t)’> was calculated for different particle 
sizes. Furthermore, to have a reference value, turbulent dis- 

Table 2. Parameters Relative to the Simulation of Particle Dispersion 

FrP 

0.18 
0.125 
0.091 
0.07 

0.71 
0.50 
0.36 
0.29 

we k m p )  E (V/m) q (C)  
( a )  ~ p ’  = 0.018 (d ,  = 4 pm)  

5 2.39 X lo5 1.60X 10- l6 

10 3.40 X lo5 2.27 X 10- l6 
20 4.80X105 3.20x10-l6 
30 5.87X lo5 3.92x10-l6 

(c) ~ p ’  = 0.286 ( d ,  = 16 pm) 

5 1 . 2 0 ~  105 1 . 2 8 ~  10-15 

20 2.39 x 105 2.55 x 10- 15 
30 2.93 x 105 3.13 x 10- 15 

10 1.70 X lo5 1.82 X 10- l5 

FrP 

0.35 
0.25 
0.18 
0.14 

1.08 
0.76 
0.54 
0.44 

( b )  T,’ = 0.072 (d ,  = 8 pm) 

10 2.39 X lo5 6.38 X 10- l6 

30 4.15 X lo5 1.11 X lo-’’ 

5 1.70 x 105 4.54 x 10- 16 

20 3.39 x 105 9.05 x 10- 16 

( d )  T,‘ = 0.645 (dp = 24 pm)  

5 9.70X lo4 2.33 X 10- l5 
10 1.37 X lo5 3.29 X 10- l5 

20 1.93 x 105 4 . 6 4 ~  10- 15 
30 2.39 x 105 5.74 x 10- 15 

AIChE Journal June 1997 Vol. 43, No. 6 1407 



I I I , 

-1 -0.5 0 0.5 1 -1 -0.5 0 0.5 1 
2- = uh 2- = 7nl 

-1  -0.5 0 0.5 1 -1 -0.5 0 0.5 1 
2- = 7nl 2- = 7nl 

I l o  

-1 -0.5 0 0.5 1 -1 -0.5 0 0.5 1 
2‘ = all 2’ = ah 
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Figure 4. Distribution of the displacement probability. 
we = 10 cm/s: (a) d, = 4 p m ,  f +  = 16; (b) d, = 4 p m ,  r +  = 32; 

(c )  d,  = 8 p m ,  r +  = 16; (d) d ,  = 8 p m ,  I + =  32; (e) d, = 16 
f i m , r + = 1 6 ; ( f ) d p = 1 6  p m ,  r + = 3 2 ; ( g ) d p = 2 4 p m , r + =  
16; (h) d,  = 24 pm, r +  = 32. 

persion of fluid parcels was calculated using an inertialess 
and chargeless tracer. 

In Figure 5a, the profiles of (z(t)’> for fluid and neutral 
particles are presented as a function of the dimensionless 
time. After a certain time, related to the particle Lagrangian 
autocorrelation time, the slope of the displacement variance 
becomes constant. This particular instant can be considered, 
with good approximation, to be identical for each curve and 
larger than 30 dimensionless time units. Indeed, all ( z(t)’) 
profiles differ very little from each other, with inertia playing 
a minor role in the dispersion process. Figure 5b shows re- 
sults obtained from applying Eq. 12 to data of Figure 5a. The 
values of the diffusivity for particles, Dp, were made dimen- 
sionless with the diffusivity of fluid parcels, Of, thus defining 
a particle turbulent Schmidt number as 

(15) 

The asymptotic value of Sc, is slightly larger for particles with 
smaller inertia, as expected,, though the influence of inertia is 
relatively small for the rahge of particle dimensions exam- 
ined. Inertia acts both ways, that is, increasing inertia leads 
to a decrease in the velocity fluctuations experienced by the 
particle, thus decreasing Sc,. On the other hand, a similar 
incremental increase in inertia corresponds to an increase in 

6 
b 
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4pm particles ------- 
8pm particles -....... 16pm particles .._.._..... ... 
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4pmparticles ----i-- 
8pmparticler .....-.. 

l6pm particles ...__......._.. 
24pm particles 

0.20 

0.0 v I 
t+ 

Figure 5. Effect of inertia on dispersion of neutral parti- 
cles: (a) effect on (z ( t ) * ) ;  (b) effect on turbu- 
lent diffusivity. 

0 10 20 30 40 50 60 

the particle Lagrangian correlation time, which tends to in- 
crease turbulent dispersion. The present results for nonho- 
mogeneous turbulence are therefore in line with the trends 
found for homogeneous and isotropic turbulence (see Reeks, 
1977; Pismen and Nir, 1978; and Reynolds, 1995, for theoreti- 
cal work, and Squires and Eaton, 1991, for numerical work). 

Effect of Migration Velocity on Particle Dispersion. The 
other variable that influences turbulent diffusion is migration 
velocity, which is responsible for the “crossing trajectories ef- 
fect” (Yudine, 1959). The action of the electrostatic field 
forces the particle to move through its immediate neighbor- 
hood. Therefore, we might expect that a particle with higher 
migration velocity will disperse less, since it is less affected by 
the surrounding fluid turbulence. 

In Figure 6, the curves show the variance of the displace- 
ment distribution for the particles for all the different migra- 
tion velocities. The time necessary to reach a Gaussian distri- 
bution is much shorter if a body force acts on particles. This 
effect may be seen by examining the four plots in sequence. 
As expected, the stronger the body force, the less particles 
disperse. It is clear that the drift velocity has a much stronger 
influence on particle dispersion compared to the effects of 
particle inertia (Meek and Jones, 1973; Nir and Pismen, 1979; 
Squires and Eaton, 1991). 

In Figure 7, turbulent Schmidt numbers are presented for 
the different migration velocities. 

Particle Transport in Electrostatic Precipitators 
Dispersion coeficient 

On the basis of the results presented in the previous sec- 
tion, a model for the dispersion coefficient was induced for 
the range of particle dimension and migration velocity 
reported in Table 2. We propose the following model for the 
turbulent Schmidt number: 
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Figure 6. Effect of migration velocity on (z ( t ) * ) :  (a) dp 
= 4  pm; (b) dp=8 pm; (c) dp=16 pm; (d) dp 
=24 pm. 

A 
1+ Brp' sc, = - + c, (16) 

where A, B, and C are functions of the dimensionless migra- 
tion velocity, w* = w J 7 ,  and are given by 

A = 0.25 exp[ - 0.55w*l; B = 7Sw* + 18.3; 

w* +69.8 
C = 0.3 . (17) 

w * ~  +29.4 

The dependence on 7,' is rather weak compared, for exam- 
ple, to the dependence on the drift velocity. However, the 
dependence on rp' was considered in order to cover low 
drift-velocity ranges. Equation 16 was obtained by fitting the 
numerical database obtained in this work. The comparison is 
shown in Figure 8, which contains all the results related to 
the determination of the diffusion coefficients. 

On examining Figure 7, it is evident that a constant asymp- 
totic value for the Schmidt number is not obtained for parti- 
cles with higher migration velocity. In such cases, the diffu- 
sion coefficients were computed through a fit of the displace- 
ment variance curves (Figure 6) in the linear region, that is, 
for times longer than the Lagrangian autocorrelation time. 
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Figure 7. Effect of migration velocity on turbulent diffu- 
sivity: (a) dp = 4 pm; (b) dp = 8 pm; (c) dp = 16 
pm; (d) dp = 24 pm. 

In order to compare the results of Eq. 16 with other sources, 
a review was made of the existing literature. It was seen that 
most of the numerical computations and models for diffusion 
of particles in homogeneous turbulence (Squires and Eaton, 
1991; Yeh and Lei, 1991; Elgobashi and Truesdell, 1992; 
Wang and Stock, 1993, among others) were assessed against 
the experimental data by Wells and Stock (1983), and against 
the theory proposed by Csanady (1963). Wells and Stock 
(1983) obtained their data in a model electrostatic precipita- 
tor model with the object of examining the effect of crossing 

0.4 ' 1 I 
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Figure 8. Computed diffusivity (symbols) and proposed 
correlation (lines). 
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Comparison of present correlation experimental data by 
Wells and Stock (1983) and equation of Csanady (1963). 

trajectories on particle dispersion. They used a grid to break 
turbulence structures and to obtain a roughly homogeneous 
flow field. They used particles of 5 and 57 p m  and varied the 
electrostatic charge. Csanady (1963) proposed models to cal- 
culate longitudinal and transverse turbulent diffusion coeffi- 
cients for particles in homogeneous turbulence. The expres- 
sion for the transverse turbulent Schmidt number is 

(18) 

where p =w'TL/LE, in which T, is the Lagrangian integral 
time scale and L ,  is the Eulerian integral length scale. In 
their work, Wells and Stock (1983) compared their data with 
predictions of Eq. 18 and, from their experiments, obtained 
4p = 0.55. They also measured values for w', which, since the 
homogeneous turbulence was grid generated, was decaying. 
Thus, particles were exposed to a decreasing turbulence in- 
tensity. A mean value of 7 / U m  = 2.5% was estimated and 
used in Eq. 16. The data of Wells and Stock (1983) in the 
range of parameters of interest are presented together with 
predictions by Eq. 16 and the model of Csanady (1963). The 
present correlation (Eq. 17) compares well both with data by 
Wells and Stock (1963) and with the model proposed by 
Csanady (1963), in the range of parameters examined. 

The agreement between the present correlation and the 
other sources suggests that the hypothesis of nearly homoge- 
neous dispersion, on the basis of which the diffusion coeffi- 
cients were calculated in this work, is acceptable for many 
purposes. Furthermore, the agreement of Eq. 16 with the 
model by Csanady (1963), at least for the range of values pre- 
sented in Figure 9, indicates that they may be used inter- 
changeably to calculate the diffusion coefficient in the trans- 
verse direction. The use of the relation given by Csanady 
(1963) requires that both a Lagrangian integral time scale and 
an Eulerian integral length scale be known, while the use of 
Eq. 16 requires just that the average value of the turbulent 
cross-stream velocity fluctuations be known, and is therefore 
more convenient from a practical viewpoint. 

Collecton eficiency in plate - phte electrostatic 
precipitators 

The most important design parameter for ESPs is the col- 
lection efficiency. As previously discussed, Eq. 1 is based on 

Table 3. Parameters Relative to the Simulation of Particle 
Dispersion and Collection Efficiency 

7,' Frp d i  d ,  (m) E(V/m) q (C) we (cm/s) 
0.018 0.18 0.022 4X10-6 2.39x1O5 1.60X10-'6 5 
0.072 0.25 0.043 8X  2.39X1O5 6.39X10-16 10 
0.286 0.36 0.086 16X10-' 2.39X lo5 2.55X lo - ' '  20 
0.645 0.44 0.129 24X10-6 2.39x1O5 5.74x10-'' 30 

assumptions that are not easy to justify. Yet, even in recent 
contributions (Riehle and Lijffler, 1992), it is considered a 
suitable tool to interpret precipitation mechanisms. Equation 
1 significantly underpredicts deposition rates when applied to 
controlled laboratory experiments. As an aside, to improve 
the efficiency of industrial precipitators, it is necessary to iso- 
late the various mechanisms that cause performance to dete- 
riorate in comparison to more ideal systems. This requires, as 
a first step, reasonable predictions of the turbulence effect 
on particle dispersions and advection. 

The analysis of turbulence effects on collection efficiency 
was performed by simulating different swarms of particles: 
each swarm comprised 4,000 particles that were initially dis- 
tributed homogeneously in the duct, a condition similar to 
that occurring in real ESPs. The parameters characterizing 
particles are reported in Table 3. 

In Figure 10, the (computed) fractional concentration pro- 
files are reported for different Deutsch numbers, and com- 
pared with experimental data from Kihm (1987), and show 
good agreement. The effect of finite diffusivity on the con- 
centration profile, which, according to the theory by Deutsch, 
would be uniform across the duct, is also evident. As the col- 
lection process goes on, particle concentration decreases in 
the bulk-flow region, but remains constant in the region near 
the collecting wall. If the drift velocity of depositing particles 
were constant, the number of particles collected at different 
downstream locations should be a linear function of the 
stream-wise coordinate. This behavior is observed in Figure 
11, where efficiencies computed for the cases reported in 
Table 3 are presented as a function of the downstream coor- 
dinate x. For all curves, a linear increase in the efficiency 
occurs up to a certain value, which decreases with particle 
size (and, in turn, particle drift), followed by an asymptotic, 
Deutsch-like behavior. The linear rise can be explained using 
a plug-flow model (which, in the literature, is incorrectly re- 
ferred to as a laminar flow model, e.g., Leonard et al., 1980), 
in which particles drift toward the collecting wall at a con- 
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Figure 10. Particles concentration profiles across the 
channel. 
Comparison of present computations against data by Kihm 
(1987). 

1410 June 1997 Vol. 43, No. 6 AIChE Journal 



1 

0.8 

f 0.6 

@ 0.4 

0.2 

.- 0 

0 

I I I I 

Plug Row model (Pe = -) 

Plug flow model - 
4pn panicles ------- 
8pm panicles ~~~~~~~~ 

*6pm panicles ................ 
24pm panicles 

I 

~~ 

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 
x(m) 
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tance of present simulations. 
Comparison with a plug-flow model. 

stant, effective migration velocity, weff, and move downstream 
with a uniform velocity profile, which may be assumed to be 
the same as the mean velocity of the fluid, Urn. According to 
this model, the efficiency is 

(19) 

which predicts that all particles will be collected for a Deutsch 
number equal to one. In Figure 11, the linear part of the 
efficiency curves was fitted in order to obtain a value for the 
effective migration velocity of the model. In this way, values 
of 4.6, 9.2, 17.8 and 26.3 cm/s for weff, for particle diameters 
of 4, 8, 16 and 24 pm, respectively, were obtained. These 
values are lower than we (see Table 3). However, if the actual 
migration velocity, wa, of the suspended particles is calcu- 
lated, the values 4.56, 9.15, 17.6 and 26.1 cm/s are obtained 
for particle diameters of 4, 8, 16 and 24 pm. This indicates 
that the early stages of collection are well predicted by a 
plug-flow model if the actual value of the migration velocity 
is used. 

The simple plug-flow model is not adequate to predict the 
behavior of the collection efficiency for later stages. In this 
case, a two-dimensional ADE can be used in the form 

an an a2n d2n 
Um-+wa--D (20)  

dX dZ 

where the convection term has been expressed in the Fickian 
form. The flux of particles that are deposited at the wall is 
given by n * . w .  Here, n* is the concentration of particles in 
the fluid layer immediately facing the wall, and w is the ve- 
locity of particles along z.  From Eq. 20, the volumetric flux, 
that is, the depositing velocity, is 

D dn 
w = wfl- - - n dz 

(21) 

In the early stages of deposition, the gradient of the concen- 
tration at the wall is zero (see also Figure lo), the depositing 
flux is constant, and the efficiency rises linearly. When the 
number of suspended particles is smaller, the gradient of the 
concentration profiles at the wall has a finite, increasing value, 
the depositing flux starts decreasing, and the slope of the ef- 
ficiency curve keeps decreasing with the streamwise coordi- 
nate. In Figure 12, the deposition efficiency for the four cases 
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Figure 12. Collection efficiency vs. effective Deutsch 
number. 
Comparison of present simulations with the plug-flow 
model, Deutsch model, and numerical solution of a 2-D 
ADE of Leonard et al. (1980). 

of Table 3 is plotted against the effective Deutsch number. 
The lines of the numerically simulated cases lie in between 
the two extreme cases: the Deutsch model, which implies tur- 
bulent diffusion-dominated particle transport, and the plug- 
flow model, in which turbulent diffusion has no role. The 
Ptclet numbers reported in Figure 12 have been calculated 
using the actual migration velocity. The numerical solution of 
Eq. 20 given by Leonard et al. (1980), who used a finite dif- 
ference method in place of the less practical analytical solu- 
tion in the form of a series expansion, is also plotted in Fig- 
ure 12. At the collecting wall, since turbulent diffusivity goes 
to zero at the wall, Leonard et al. (1980) employed the 
boundary condition 

dn 

d Z  
k - + n = O  (22) 

at a distance E tending to zero from the collecting wall, with 
the constant k determined on the basis of physical considera- 
tions. The solution found by Leonard et al. (19801, calculated 
for P e = 5 0  and Pe=12 ,  is presented in Figure 12: these 
curves underpredict present simulations relative to the cases 
Pe = 50 and Pe = 11 by about 1 to 2%. This effect may be 
due to the overestimation of the turbulent dispersion effects 
in the wall layer arising from use of a uniform turbulent dif- 
fusion coefficient evaluated in the central region of the duct, 
where turbulent diffusion is stronger. 

Conclusions 
An investigation on the effect of transport parameters on 

particle correlation efficiency in ESP has been performed us- 
ing a DNS database for turbulent flow in a channel. The flow 
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field was previously obtained by solving the 3-D time-varying 
Navier-Stokes equations with a pseudospectral method. 

Particle motion in an ESP is dominated by drift velocity 
and turbulent dispersion. An analysis of particle transport 
characteristics was performed by following the motion of dif- 
ferent swarms of particles characterized by different diame- 
ters and different migration velocities. The effect of such pa- 
rameters on particle dispersion was determined and a corre- 
lation for the turbulent Schmidt number (i.e., the ratio of 
turbulent particle diffusivity to fluid diffusivity), based on 
particle characteristic time and drift velocity, was proposed. 
In principle, since the turbulent flow field is not homoge- 
neous, turbulent diffusion is a function of position. However, 
following an approach that gave reasonably good results in 
terms of macroscopic behavior, the diffusion coefficient was 
determined using the approach proposed by Taylor (1921) for 
diffusion in homogeneous turbulence. The proposed correla- 
tion, fitted to DNS data, was assessed vis 2 vis experimental 
data (Wells and Stock, 1983) and theory (Csanady, 1963). It 
gave good results in the range of parameters examined. It 
may be used interchangeably with the model proposed by 
Csanady (1963), but is more convenient for many purposes. 

The usual approach for determining collection efficiency 
follows the solution of the 2-D ADE in terms of unknown 
values of the diffusion coefficient. In this work, accurate val- 
ues of the bulk-diffusion coefficient and of the actual migra- 
tion velocity of particles were determined and used to verify 
the adequacy of simplified models. Collection efficiencies 
were examined for different classes of particles. It was found 
that the early stages of the collection process may be inter- 
preted with the plug-flow model: on this basis, the flux of 
depositing particles is given by multiplying particle concen- 
tration in the wall region, which is constant, by the actual 
migration velocity. The plug-flow model fails when the num- 
ber of airborne particles decreases below a certain value, suf- 
ficient to modify the concentration profile at the wall. From 
this crossover point on, particle collection is controlled by 
turbulent bulk-dispersion mechanisms. For smaller particles, 
this crossover point is found to occur at earlier stages, be- 
cause their transport is more influenced by turbulent diffu- 
sion. The interpretation of particle-collection behavior in the 
later stages requires the use of a 2-D advection diffusion 
equation at least. It is shown that if the actual values of tur- 
bulent diffusion and migration velocity are used, that is, val- 
ues calculated from the present simulations, predictions of 
the ADE underestimate the present simulations by about 1%. 
One cause of this discrepancy may be related to the use of a 
uniform diffusion coefficient that is representative of turbu- 
lent diffusion in the central region of the channel, but overes- 
timates turbulent transport in the wall layers. 
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